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CrossMark
Abstract
We study the wave equation for a stationary Lorentzian metric in the case of
two space dimensions. Assuming that the metric has a singularity of the
appropriate form, surrounded by an ergosphere which is a smooth Jordan
curve, we prove the existence of a black hole with a boundary (called the event
horizon) that is piecewise smooth, generally having corners. We consider a
physical model of acoustic black hole whose event horizon has corners.
Finally we consider the determination of a black hole by the boundary
measurements.
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1. Introduction

Consider the wave equation associated to a stationary metric on RI+2 ~ Ria X R(me),
2
1 y
Z—i( g(x)gu(x)M) — 0’ (-x(), x) c R1+2. (11)
=0~ &) Ox; Ox;

Here, [g¥ (x)],-z’jzo is the inverse of [g; (x)]ﬁjzo, where g (x) € C* (R'*2; R) defines a pseudo-
Riemannian metric with signature (41, —1, —1) depending only on x, with g (x) = g;(x),
and g(x) = det[g;j(x)]iz,j:o'

For some choices of g/*(x), equation (1.1) has a black hole, i.e. a region which dis-
turbances may not propagate out of. These are often called analogue or artificial black holes,

since the metric is in general not a solution of the Einstein equations of general relativity
[FNO8, Wall0] (A precise definition of black and white holes is given below).

! Author to whom any correspondence should be addressed.
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Two of the most common examples arising from physical models are optical black holes
(see [BCO'11, Gor23, LP00, PKR"08]) and acoustic black holes (see [Unr81, Vis98]). In
optics, equation (1.1) is a model for the propagation of light through an inhomogeneous
moving medium, while in acoustics, it models the propagation of acoustic waves in a moving
fluid. Physicists are interested in physical systems which may contain analogue black holes,
as they may be suitable for experimental study, while providing some insight into phenomena
of general relativity. A number of other models have been studied, including surface waves,
relativistic acoustic waves, Bose—Einstein condensates and others [FFLT10,RMM™10,SU02,
VMPI10]. See [BLV05,NVV02,Vis12] for surveys and many references.

We define an event horizon for (1.1) to be a Jordan curve S; C R? such that R x S is
piecewise characteristic and forward null-geodesics either cannot pass from the interior to the
exterior of Sy, or vice versa. See section 2. In the former case we will say that the region
enclosed by R x Sy is a black hole, and in the latter case we call it a white hole.

Let O = (0, 0) be a singularity of the metric and assume that g’* behaves near O as in
[Esk14]: When |x| < €, assume that

g ) = g ) + &/ (0, (1.2)
where g’ik is similar to an acoustic metric (see also section 4):

g0 =0 gl=g¥=vij=12 glf=vikj k=12, (1.3)
where in polar coordinates x; = r cos 8, x, = rsinf, 7 = (?, %), 0 = (—%, %), we have

v =@l = %f + b—:é, (1.4)

where b; = b;(0), j = 1, 2 are smooth with b;(f) = 0. Assume also that gék is smooth in
(r, 0), with g200 >C>0, gzjo = ZOj =0(@r),1 <j<2,and [gzjk]ikzl a negative definite
matrix when |x| < e:

(&P iias @) < —ColaP,  a € R

Let A(x) = gl (x)g22(x) — (g'2(x))2. Define the ergoregion to be the set 2 C R?> where
8o (x) < 0. By the Cramer rule gy, (x) = A(x)g(x) with g(x) as in (1.1). Thus A(x) < 0 is
equivalent to gy, (x) < 0. Assume the boundary 92 = {A(x) = 0}, called the ergosphere, is a
Jordan curve encircling O that is smooth in the sense that the gradient of A (x) is nonzero on 0f).

In [Esk10], it was shown that if the ergosphere is a smooth characteristic surface or non-
characteristic surface which contains a trapped surface, then it contains a black hole or a white
hole. See also [Esk14] and [Hall3]. In this paper we prove the following much more general
result:

Theorem 1.1. Let g be any metric such that the ergosphere { A(x) = 0} for equation (1.1) is
a Jordan curve which is smooth in the sense that {)g% = 0 when A(x) =0, and the
ergoregion Q) = {A(x) < 0} contains a singularity O, which satisfies (1.2)—(1.4). Then there
exists a black hole in R x Q if bi(0) < 0, and there exists a white hole if b (6) > 0.
Moreover, the event horizon may have corner points, while it is continuously differentiable

outside these corner points.

The plan of the paper is as follows. In section 2, we discuss the general behavior of null
geodesics for metrics satisfying the hypotheses of theorem 1.1. In section 3, we prove the
existence of a black or white hole and show that the event horizon is C', except at corner
points. In section 4, we study acoustic black holes and demonstrate that the event horizon may

2
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have corners. In section 5 we study the determination of a black hole’s horizon by the
boundary measurements on R x D where D C R" is a bounded domain containing an
ergoregion €). Assuming that the conditions of theorem 1.1 are satisfied and no point of 02 is
characteristic we prove that the boundary measurements determine the black hole’s event
horizon inside 2 up to a change of variables.

2. Null geodesics

2.1. Zero-energy null geodesics in the ergoregion

Consider bicharacteristics for the wave equation (1.1),

dx, 2 k dgp 2 jk
— =23 g (6), == == > gl ())& (), 0<p <2
ds o ds k=0 "

Since the metric is stationary we have that §,(s) is constant. Consider null-bicharacteristics
with ,(s) = 0. We shall call null-bicharacteristics with ,(s) = 0 ‘zero-energy’ null-
bicharacteristics. Their projections onto (x;, x;) will be called zero-energy null-geodesics. For
all s, x = x(s) and (§, &) = £ = £(s) must satisfy
2

S e WEE =0, (€ &) = 0,0, xe. @.1)

k=1
For each x € ) there are two linearly independent solutions £+ = (£ li & zi) of (2.1). It was
shown in [Esk10], for |x| > €, and in [Eskl4], for |x| < e, that there exists a pair of
continuous vector fields f*(x) = ( fli(x), fzjE (x)) on Q \ O, satisfying

0=f"(x)=f"(x),x€0Q,
fT(x), f~(linearly independent, x € Q \O,

[EOE + £ @& =0, (&, &) solving (2.1). (2.2)

The choice of sign is arbitrary, but the pair ¥ (x) is otherwise well-defined up to rescalings
which respect (2.2). If we parameterize zero-energy null-bicharacteristics (x*(xy), £(xg)) by
Xo, then we have
A’ g ()€ (o) + 877 (x (x0) €5 (o) -2 03
doo g (x(x))E (o) + g (x (x0))E5 (o) ’
Since  fi7 (x (v0)) &5 (x0) + f; (¥ (x0))E5(x0) =0 we have that &7(xo) = f; (x (xo)),
ff(xo) = —fli (x (x0)) up to a nonzero factor. Substituting into (2.3), we get
" g -
—— = oL TV j=1,2. 2.4)
deg g5 () — g7 (%)
In other words, the zero-energy null-geodesics in Q2 \O, are the solutions x = x*(xo),
x = x (xq) of an autonomous system of differential equations. We shall call the two families
of solution curves or trajectories for (2.4) the (4), (—) families respectively.
Note that

R

dxlﬂ: glygt _ g12f1ﬂ: flﬂ:

2.5)
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since g2'f5° £ — g2 (f)? = g (£;H? — 2'f*f,". Since the rank of [g/#* ()14, is equal to
+
1 in 02 we get ji—’ =0,j=1,2,o0n 0%, but ‘;xx—i has a limit on 0€2. Note also that [Esk10]
0 1
gl — g% = 0. 2.6)
As in [Esk10], we have f*(x) - VGT(x) = 0, where G*(x) = ¢* are characteristic curves.
From (2.4), (2.5) it follows that this is also true when f* (x) is replaced by the right hand sides
of (2.4).
2.2. Coordinates near 02

Introduce coordinates (p, #) near 0f), where p = —A(x) > 0 in Q, 6 € [0, 27] is a para-
meter on 0€2. One can extend such coordinates to the whole domain €2 \ O but we shall only
use them when 0 < p < p, for some small p, > 0. In (p, 8) coordinates, (2.1) is replaced by

§7E + 28766 + 876 = 0, (&, &) = (0, 0).

Note that
(8" — 878" = C*(p, O)p,

where C (p, 6) > 0. We shall denote C?(p, 0)p by p,(p, 6). Thus C/p = /Py - Either g or
g% is not zero when p = 0 since the rank of [g/]5,_, is 1 on Q. Let p = 0, 6 = 6 be such
that g% (0, ) = 0. Near (0, 6,), we write the solutions
+ —g” + VPi
59 - gee 5ﬁ'

Then in (p, 0) coordinates, (2.4) gives
_gpe :l: p
+ S g+ gw% 4 ot
dp* 875, T8¢y g __mEeTn
drg  g%¢; + g5 w87 EJp b(p. 0) £ g% p;
00

8" +¢g
ot 876 MG e+ (e E D) A" P @7
dvg %€ +g%ey 8 E P b O) £ g% oy
where b (p, 0) = g%g" — g%gr? = 0 (see (2.6)).
2.3. Types of boundary points.
If g (0, 6y) = O then
dp= _ Pt + 8" 2.8)
do g% g%

is not zero near (0, 0), i.e. the curve p = p*(f) is transverse to the boundary p = 0 near
(0, 6y). It follows from (2.7) that the trajectories (p*(xo), 67 (xo)) reach the boundary p = 0 in
finite time. Since
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Figure 1. The curve p = p, (0) is the boundary of all curves of the (+) family starting at
oy and ending on (o, Bi].

(a) (w,#) coordinates (b) (p,8) coordinates

Figure 2. The qualitative picture near a saddle point.

dp* g”(0, 0)
Loy 2 s 2.
dxo b(0, ) o 9

near (0, 6y), one family of trajectories approaches the boundary as x, increases while the other
leaves the boundary as x, increases.
. o _ _ . dp dw
Make a change of variables w = /p. Denote w; = ,/p; = Cw. Since an = ZWEO, SO
we get

dw +Cgr w2, 0) — C*w do +Cg" w2, O)w

Ao bW 0) £ g%W2, Ow'  dxg bW 0) + g% (w2, Oy

(2.10)

where b (0, 6y) = 0, g%(0, 6y) = 0. 1If g’ (0, 6y) = 0 then (0, 6) is a tangential point of .
If= agﬁ (0 0y) = 0 then (0, 6)) is a non-degenerate critical point in (w, 8) coordinates. It could
be a node, saddle, degenerate node, or spiral restricted to the half-space w > 0 (cf
figures 2-4).

Consider now the case when g (0, 6;) = 0, g% (0, 6y) = 0, and ggpg (0, 6y) = 0. To fix
ideas suppose g% (0, 6y) < 0. Then the equation (2.8) has the following form in (w, 6)
coordinates:
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(a) (w,0) coordinates

Figure 3. The qualitative picture near a node.

(b) (p, ) coordinates

(a) (w,0) coordinates (b) (p,8) coordinates

Figure 4. The qualitative picture near a spiral.

dw®*  FCw + g’ (w2, 0)

2
T g (w2, 0)

Lemma 2.1. There is a (+) solution of (2.11) satisfying
Wi (0) = a1(9) + wi' (), |w(O)] < ClO — 6of*,
defined on (6y, 6y + 6), 6 > 0 small, where

0 / / _ 1
al(e):foo a(@)do', a®) = ST

Analogously, there is a (—) solution of (2.11) satisfying
W (0) = —a1(0) + wi (0),  |w (0)] < ClO — 6o,
defined on (6y — 0, 6y), 6 small, with a;(6) as above.

Proof. We rewrite equation (2.11)

i+ P 2.0
dw'(9) —a(d) + g7 (0, 0) gw=, 0)
de 2wg? (0, 9) w

@.11)
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2
where [g (w2, 0)] < Cw2. Let g,(w, 0) = 4“2 ¢,(0) = i’f;(“ofgg). Then for wi™(0) we get

dw;" IX0) X .
- =U. 2.12
9 @) + w(0) + g, (@ @) + wT(©), w(l) =0 2.12)

[ h(0) |
§9§90+(5(9 — 02"

the right hand side of (2.12) is a contraction mapping in B if § is small. Therefore w;" ()
exists.
The proof for w, (#) is similar. O

Let B be the Banach space with norm ||| = sup,, The integral from 6, to 0 of

Remark 2.2. Note that the lemma remains valid when gepe (0, 6y) = 0 but is small. O

Remark 2.3. Suppose 052 contains a characteristic segment L. Let £ be an interior point of L.
Since the boundary w = 0 is characteristic for all § in a neighborhood of £ we have
2" (0, 0) = 0, i.e. g” (w2, ) = O(w?). Therefore by (2.11),

dw® TC
dé 2¢" (w2, 0)

+ Ow).

Note that g% (w2, §) = 0 near £. Also,

dw* _ —wC?
dxg 2b (w2, 6)

+ Ow?).

Since b (w?, 8) < 0 we have that wt(x,) increases when x,, increases. Therefore we have two
zero-energy null-geodesics on the set w > 0 that start at .

In (p, 0) coordinates these two zero-energy null-geodesics are tangent to the boundary
p = 0. The same picture is true for any 6, close to ,. Note that w = 0 is an envelope of both
the (4) and (—) families near (0, 6,). Also note that the point (0, 6,) where g% (0, 6y) = 0 is
not characteristic. (]

3. Existence of a black hole

We shall consider the case when b;(0) < 0 and show the existence of a black hole. The case
when by () > 0 may be treated similarly.

Consider a small circle {|x| = €} around O. Since b; < 0, an integral curve of either the
(+) or (—) family starting at {|x|] = €} goes to O as x; increases, i.e. {|x| < €} is a trapped
region; see [Esk10]. Let 2* be the union of all trajectories of the (+) family in  \ {|x| < ¢}
which end at {|x| = €}, i.e.

QF = {xT(xg) | xo € (¢, 0) where —co < ¢ < 0; x™ solves (2.4);
xt(xg) € Q for xg € (¢, 0); x7(0) € {|x| = ¢}; and x™(£) € O when ¢ > —oc0}.
3.1)
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Lemma 3.1. Suppose zo € OQ7T is an interior point of ). Let ’yg be a curve of the (+) family
passing through z,, parameterized x = x(xg). Then there are two possibilities:

1. 76’ is a characteristic segment with endpoints oy, ap € 052, with 'yg tangent to OS2
at oy = lim,_, cox ™ (xo).
2. 'yg is a smooth closed periodic orbit. In both cases, 70* C o0t

Proof. Note that zo & QF since Q" is open. First suppose the curve fyg has endpoints
ay, ap € 0F2 with x*(xp) directed toward «; when xg increases. Since zq is an interior point of
Q, there is a small neighborhood U. of z contained in ). The curves of the (+) family
passing through points of U/, form a ‘strip” V..

Since zo € 90" there exist z,, 7, € U., z, — 20, 2, — Zo such that z, € QF, 7/ Z Q.
Therefore there are (+) trajectories x, (xo) in the strip V. belonging to QO+ with x, (x,) = z,,
and trajectories x, (xo) not belonging to QF with x, (xo,”) = z,. If z() is any other interior
point of ~} then the trajectories x,(xo) and x,(xo) come arbitrarily close to z(.
Therefore z(V € 9Q .

We claim *yg is tangent to 9f2 at ay. Indeed if 70+ is transversal to 0S) at oy, then all (+)
curves in V., also intersect 02 transversally when ¢ > 0 is small. Therefore all (+) curves in
V. end at 012, and do not reach {|x| = ¢}. This contradicts the fact that V. contains (+) curves
belonging to Q.

To show a; = lim,, ;X" (xp), we use (2.10). Since g”(0, 6p) = 0 we have
Ig”? (W2, 0)] < C(w + |0 — 6)). Thus,

dw <Cw+ 10— b)), d@ — 6o) < Cw.
dxg dxg
Therefore
dw + 10 — 6ol) <Cw + 10 — ),
dxo
and

1 dw + [0 — o))
|dxo| > ——————.
C w+ |9 - 90'
Hence xy — +o00 when w + |§ — 6y] — 0. At the point a, the curve fy(J)r may be either
transversal or tangent to 0. If it is tangent then, analogously, c, = lim . _ox"(x0).
If fyo+ can be extended indefinitely when x, — o0 or —o0 without approaching 952 then
the corresponding limit set of 'yg is a closed orbit vf by the Poincaré-Bendixson theorem.

Since v C 9", we also have v C 9Q*, and hence y] = ~ = 9Q*. This concludes the
proof of lemma 3.1. (]

3.1. The case of finitely many tangential points

3.1.1. Construction of the event horizon. Suppose the ergosphere 02 has a finite number of
points o, ..., , such that the normals to OS2 at oy, 1 < p < m are characteristic directions,
i.e. Zik:l gk (o) Vi (o) i (o) = O where v = (v, 1) is the outward normal to €2. In other
words, the vector fields f* are tangent to O at x = ap, 1 <p<m.

8



Inverse Problems 32 (2016) 095006 G Eskin and M Hall

As in lemma 3.1, let zop € OQF be an interior point of €, and let 7, C 0Q* be a
characteristic curve passing through zo. Suppose that v, can be continued indefinitely as xo
decreases and does not approach 02, and hence +, is a closed periodic orbit belonging to the
(+) family. If the trajectories of the (—) family are directed inside 7, when x, increases then
R x ~y, is a black hole event horizon, while if they are directed outside it is a white hole event
horizon. In the latter case any trajectory of the (—) family ending at S. = {|x| = ¢} cannot
reach ~y, as x, decreases. Therefore by the Poincaré-Bendixson theorem there exists a periodic
orbit +, inside the domain bounded by 7, and belonging to the (—) family. Then R x ~, is a
black hole event horizon.

Suppose that instead -y, is a characteristic segment connecting points (g, Bo1 € 02,
where by lemma 3.1 at least one of 3y; must be a characteristic point. Then ~y, divides the
domain ) into parts €, 2] and we shall assume that 2, contains Q*. Then consider €,
instead of 2. Suppose z; € JQ7 is in the interior of {2;, and let , be a characteristic segment
with endpoints 3y, 51, € 0§2;, where at least one of 3y, (1, is a tangential point.

Since 7, and +y, belong to the (+) family it is impossible that an endpoint of 7, belongs to
the interior of 7, and similarly an endpoint of 7, does not coincide with an endpoint of -,
unless both curves are tangential to 92 at this point. Thus the only possibilities are that -y,
do not intersect, or they share a common tangential point in 9€2. The curve 4, divides €, into
pieces ), 2, where Q, contains Q*. Replace ; by Q,.

If there is a point z, € 92" such that 7, is an interior point of £2,, we repeat the previous
argument, etc. After finitely many steps we get a domain €2, such that Q+ = ), and , is a
domain whose boundary consists of a finite number of characteristic segments 7,, ¥, -..,7,_
of the (4) family and a finite number of segments 6y,...,6, of 9€2. Since 6; C 9 N o,
1 <j < g, the (+) family of solutions must be directed into 2+ on U_; §;.

Denote by €2, the union of all trajectories of the (—) family in €2, that end on S.. Note
that £2, is an open set.

Since the open segments 5j, 1 <j < g, are not characteristic, and trajectories of the (+)
family start on §;, we have that trajectories of the (—) family end on §;, 1 < j < g. Note that
no trajectory of the (—) family that ends on S, can end on ¢;,1 < j < ¢. This means that Q
does not touch the interior of §;, 1 < j < g.

Now apply to the trajectories of (—) family in €2, and €2, the same arguments as for the
trajectories of (+) family in 2 and Q.

After a finite number of steps we get a domain .., such that ,, = € and the
boundary of ), , consists of a finite number of characteristic segments v, Yy of the
(—) family and some of the characteristic segments -y, ...,%,_,, or parts of them, belonging to
the (+) family. Since some of the segments v, may have been truncated by the above
procedure, the boundary of (2, , may not be smooth, as some V> W may intersect at a corner
(cf section 4).

3.1.2. The domainR x Q. is a black hole. To show that R x €, is a black hole we shall
show that any point (£, £) € R x 0, is a no-escape point. More precisely, let K, (%) be
the forward light cone at (£y, £), consisting of all (¥, %, ) € R x R? such that
Eik:O g (®)x% >0, %o > 0. Denote by IIj the half-space {(ao, cu, ao) | oy +
apvy 2 0}, where v (%) = (v, v2) is the outward normal to 0€2,,, at x = £. Then £ is a
point of no escape if K (£) C I, for all xo € R, see [Esk10]. We have several cases to
consider.

Let £ be an interior point of the characteristic segment v C 0f2. If  belongs to the (+)
family then the construction of €2, , shows that the curves of the (—) family intersect  and

9
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directed inside €2, when x, increases. Since < is a characteristic curve it follows from
[Esk10] that K, () is contained in either IT or in IT;. The tangent vector of the curve of the
(—) family passing through £ is the projection onto (xj, x,) of a forward null bicharacteristic
and belongs to IT,,. Therefore K () C II,, i.e. X is a point of no escape.

If v is a characteristic curve of the (—) family and X € ~, then the (4) family curve
passing through X is the projection of a forward null bicharacteristic and its tangent vector at
¥ belongs to II,,, so again K, (¥) C II,, i.e. X is also a point of no escape. Here v is the
exterior normal to v at ¥. Let x(!) be a corner point of 9, at the intersection of
characteristic segments ~, , 7 belonging to the (+), (—) families respectively. Let v, 1 be
the exterior normals to v,, 7 at the point xV. As above we get that K, (x") C II, ,
K. (xV) CII, , ie. K. (xV) C IT, N I, . Therefore x e 99Q,., is also a point of no
escape, since any vector of K (xV) points inside €2, .

Let now £ € 09, be a tangential point on 0f2. It follows from [Esk10] that either
K (%) CII} or K (%) CII,. Since 0N is the ergosphere, g, (£) =0 [Esk10]. Thus
(%0, X1, %2) = (1, 0, 0) belongs to K, (%) since Zik:O 8 )%k = goo(§) = 0. Therefore
K, (%) is tangent to the plane % v + X,v, = 0. Here v = (1, v») is the outward normal to
084, at X.

Suppose for a moment that K, (¥) C II,,. Since (1, 0, 0) € K (%), for any small € > 0,
(1, Xy, exy) € K (X) when Xjv; + Xv, < 0, for arbitrary (X, x). Therefore K, (%) = II,
when £ is a tangential point. Similarly, if K, (£) C II}, then K, (£) = II;.

Let X, — X, where £ is a tangential point in 0f2, and each %, € 0%, is an interior point
of 2. The points £, are no-escape points for €, ,, as was proven above. Note that 9€),, is
smooth in a neighborhood of £. Since £, are no-escape points we have K (x,) C II, , where
v, is the outward unit normal to 0%).,, at £,. We have H; — 1L, Ki(%,) — K. (X).

Therefore K, (£) C TI,,, i.e. £ is a point of no escape.

Remark 3.2. These arguments hold for any characteristic point £ € 92 such that there
exists a sequence £, — £ with K (£,) C II,, .

Suppose we have a characteristic segment COS2. At the endpoints of the segment we have
a sequence of points £, as above. Thus the endpoints are no escape points. For any interior
point of the segment we get that K, () C II,, by continuity. O

Remark 3.3. Note that if £ € 0 is not tangential then it is an escape point: There exists a
characteristic direction vy which is not normal to 9€2. Since g, (¥) = 0 we have that K (%) is
either equal to IT, or to Hj@. In both cases there are directions of K (X) which point toward

the exterior of €. O
Therefore we have proven:

Lemma 3.4. R x 0Q., is a black hole event horizon.
3.2. The case when 90X has finitely many characteristic segments and finitely many
characteristic points

Suppose there are finitely many open intervals L, ...,L,, in 0Q, with L; N L, = &, j = k,
such that the vector fields f*(x) are tangent to 92 along L;,1 <j < m.(Note that f* = f~
on 0f).) Assume in addition that there are finitely many isolated tangent points 3, ..., G,.

10
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We again let the open set ¥ be as in lemma 3.1, zo € 9" an interior point of €2, and
a curve of the (+) family passing through zo, with endpoints oy, a; € 02 (unless 7, is a
closed orbit, in which case we are done), (cf the second part of lemma 3.1).

We claim that it is impossible to have oy € Lj, ap € L. If this is the case, consider
neighborhoods U (i, &) C Lj, U(aw, €2) € Lj,. For g, £, small there are solutions of the
(+) family x;"(xo) that are close to 7Y and have endpoints o € U (ay, ), @ € U(, &).
Note that L; is an envelope for the (+) family (see remark 2.3). All such solutions xj(xo) are
not in 27, so z5 € O0T.

Also, from the proof of lemma 3.1, it is impossible to have v, € 0Q2* which intersects
0f) transversally at both endpoints. Analogously, there is no v, € 9Q" with one endpoint
belonging to some L; and the other intersecting J€) transversally.

Therefore v, must have at least one endpoint either among (,...,3, or among the
endpoints of Ly, ..., L,, . Thus there are a finite number of such curves. Following the proof of
lemma 3.1 we get that the boundary of Q" consists of a finite number of characteristic
segments inside €2 of the (+) family, a finite number of the segments L_j, 1 <j < morclosed
subintervals of L; and a finite number of segments of 92 where (+) family trajectories start as
Xo increases. Starting with Q7 instead of 2 we consider the open set ] C QF of (—) family
trajectories ending on S., and it is clear that we may repeat the proof of lemma 3.1. We get
after a finite number of steps that the boundary €2; consists of a finite number of characteristic
segments or parts of characteristic segments inside €2, some belonging to the (4) family and
some to the (—) family and some characteristic segments that are parts of U L;. It follows
from the proof of lemma 3.4 and remark 3.2 that R x €2~ is a black hole event horizon. Note
that the boundary of 02 may have corners—i.e. it may only be piecewise smooth.

3.3. The general case

Consider Q. We have that Q* does not intersect any of the open intervals (o, 5;) in 99
where (4) family curves end as x; increases. There can be at most countably many such
intervals. Denote by ; the union of all (+) family curves ending on (cy, () as X, increases.
Note that Qf N Q" = @. Take any zo € 9 which is an interior point of 2. Denote by ,
the (4-) family curve passing through zy. Then 7, ends at either oy or 3, say oy to fix ideas.
Let oy, be a point on 02 where ~ starts. Denote by {2, the domain bounded by , and 92 and
not containing O. If (), contains €2} we replace Q by Q; = Q \Q_kl If €, does not contain
Q) then there is another characteristic curve v belonging to the boundary of " and ending
at 3. Let B, € 09 be the starting point of ¥?. Let Q{" be the domain bounded by 4 and

99 that contains €2, and €2 and we shall replace {2 by \?2” Note that 9( \@)) does
not contain (ay, ;). Note also that 9 (€2 \@)) is smooth at 3, but may have a corner at (3.
In the latter case (34, belongs to an open inverval (o, §) where the curves of the (4) family
start. Consider any other interval (oy, 3;), j = k, where curves of the (+) family end. Let Qy)
be a domain constructed as with QECI). Since curves of the (4) family do not intersect in {2 we
have that Q) N Q" = @. Note that ?S-l) N QU is either empty or consists of at most two
tangential points in 9€). Denote 2, = N, (Q \?(jl)) =0\ Ux, W(,”

The boundary 92, consists of characteristic segments of the (4) family, a closed set of
tangent points belonging to 02, and intervals (i, &), k = 1, 2, ..., or parts of such intervals,
where the (+) family of curves start when x, increases. We shall show (cf below) that 39; is
smooth, except possibly at a countable number of corner points (3, belonging to some of the
open invervals (o, ¢). Now consider the union §2; of all (—) family curves in € that end on

11
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(o, &) when x, increases. Let 71 € 9, be an interior point of % and let 7, be the (—)
family curve passing through z,. Let (03, o;) be the endpoints of ;. Consider also the (—)
family curve v ending at &§; and belonging to 9. Here, it is possible that 4! is a single
point. Let Q) be the domain bounded by O and either v, or ", which contains {2, and
does not contain O. To fix ideas let 7, C 9Q". Then we replace Q, by QI \ QP .

If we have By, € (k. &) N 09 then By, & QL \ Q) since (0r, &) € QP. Denote
by 75') the intersection of v, with OQL . Then the endpoints of vil) are either tangential points
of 9 or corner points of 2 belonging to the interior of €.

Repeating this procedure for all (o, &), k = 1, 2, ..., and for all characteristic segments
fy}L such that the (—) family curves end on 'y]f, we get a domain Q0 C QF such that the
boundary of €2 consists of characteristic segments belonging to either the (+) or (—) family
and a closed set S; C 09 M 0f), of tangential points.

We shall show that 0€)_ is continuously differentiable except at corner points. It is
enough to show that 9€)_ is continuously differentiable at any point of §; = 9, M 9. Let

x© be any point of S;. Introduce (p, @) coordinates in a small neighborhood U, of
x© = (0, 6y). We have by (2.7), (2.8),

dpt £ Jp; +8”(p, 0)

do " (p, 0)

dp* +g7 (p, 0) /P — py

dvo  b(p, 0) + g% (p, 0) by
where g% (0, 6;) < 0, b(0, 6y) < 0, g*?(0, 6y) = 0. Since U, is small we may assume that
g" <0, b(p, 0) £ g% (p, ) Jp; <0 in Up. In Uy, there are at most countably many
intervals (cy, 3¢) where g”?(0, 8) > 0 or g”’ < 0. Let (o, £1) be such that g7 (0, §) > 0 on
(ayq, By). It follows from (3.2) that curves of the (+) family end on {p = 0} when x; increases.
We shall prove that there exists a curve p = p, () of the (+) family starting at o; and ending
at 3; such that p = p, () is the boundary of all curves of the (+) family ending on (ay, 3;).
Letw = /p. We have g” (w2, 0) = c;(w?, O)w?> + g??(0, 0). Since Uy is small we have
by the contraction mapping theorem that

— P + 870, ) = c2(Jp, (=P + ),

where ¢, > 0, g(0) > 0, 0 € (o, B)).
Consider the domain V bounded by w = g(0) and w = 0. We have that 3—5 = 0 when

s

(3.2)

w = g (0), % < 0 inside V (since g” < 0) and % > 0 outside of V. Therefore curves
p = p,(0) of the (4) family that end at (0, ¢’), 8’ € (v, B;) increase when ¢ decreases until
p = p,(0) intersects \/p = g (6). Then p (6) decreases outside V for o < 0 < 3; when 0
decreases. Note that p = p,(0) cannot cross the solution p = (WQ' (6))? constructed in 2.1,
since they belong to the same family. Therefore p = p, (/) must end at § = o (see figure 1).

Analogously if (a, (3,) is an interval in U M {p = 0} such that g*? (0, §) < 0, then there
exists a (—) family curve p = p,(0) that starts on 3, and ends on «; such that p = p,(0) is
the boundary for all (—) family curves that end at (0, 6), where 6 € (ay, 3,).

Let p = p() be a function on U N {p = 0} equal to p,(6) on (ay, ) and zero
otherwise. The function p = p(6) is the boundary of Q0. N U.

We shall show that p = p(#) is continuously differentiable at any point 92, N U. Let
(0, ¢") be any point in U, such that g”? (0, ") = 0. For any € > 0 there is § > 0 such that
1g”?(0, 0)| < & when |# — 0’| < 6. Let (v, ;) be any interval in (¢’ — &, 6’ + 6) such that

12
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1g”?(0, 6)| = 0 on (cy, 3;). We have

lp;(O)] < max|g; ()] < € max|g” (0, O)| < Ce.
[Q’,‘,ﬁj] [Q’j,ﬂj]

Therefore |p(0)| < Ce for (6" — 6, 0’ + 6), ie. limy gp(#) = 0. This proves the
continuity of p(9). Analogously, | 25 | < C |g” (p(8), O)| + B < C (18”0, O)] + P
dp(0) dp(9)

Thus limg_, ¢ W 0, i.e. TH is also continuous.

As in lemma 3.4 and remark 3.2, we get that any point of ), is a no-escape point, i.e.
R x € is a black hole.

Remark 3.5. The black hole constructed in this subsection may be different from the black
holes constructed in the previous subsections, in the case when there is more than one black
hole [Esk14]. O

Remark 3.6. At tangential points, 9Q is C' but not C? in general, since there are
characteristic curves of different families that have a common tangential point. O

4. Acoustic metrics and an example with corners

4.1. Acoustic metrics

We consider acoustic waves in a moving medium. The acoustic metric associated to a vector
field v = (v, vp) is the (stationary) Lorentzian metric g[czdxg — (dx — vdxp)?], i.e. the
metric g given by

g0 =2 = WD), gy =g =Ly 1<j<2 g=-061<ij<2 @D

The inverse of the metric tensor is given by

1 . . 1 ) 1
W= —, gl=gV=—y, 1<j<2, g*f=—(u— 2, 1<), k<2
pc pc pc

We assume that the flow v = (v, v,) is irrotational, i.e. there exists a potential 1 such that
v = V1, barotropic, i.e. p = p(p) where p is the pressure and p is the density. Moreover, v
and p satisfy the continuity equation

p+ V- (pVY) =0,

and the Euler equation, which can be reduced to the form [Vis98]
1
wt+h+5(vw)2+q>:o,

where ® represents external forces and A(p) is the specific enthalpy.
In the case when v and p satisfy these requirements, the wave equation (1.1) for a metric
of the form (4.1) is a physical model for the propagation of sound waves (see [Vis98]) where

c= /j—f} is is the speed of sound.

We shall take p to be constant. Then p and c¢ are constant as well. Then by continuity
equation
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A =0

i.e. ¢ is a harmonic function. Rescaling, we shall assume that ¢ = 1. Then the ergoregion is
where 1 — |v[> < 0.

Remark 4.1. Other well-known spacetime metrics may be transformed into the form (4.1)
after an appropriate choice of coordinates, including the Schwarzschild metric in Painlevé—
Gullstrand coordinates [Vis98]. O

Remark 4.2. As was noted in the introduction, acoustic metrics are not the only physical
examples of analogue (articifial) black holes. There are models for optical black holes, surface
waves, relativistic acoustic waves, Bose—Einstein condensates, and others. See the references
in the introduction. O

It will be convenient to write the vector field in polar coordinates as v = v, 7 + vaé

v, = ?f, Vg = ! g; In this case the vector field is a solution of the Euler equations. We will
specify an exphc1t choice of ¢ in the following subsection.
Let

_ACO,  BC Oy 4 pec

r r

and let g be the corresponding acoustic metric, which satisfies (1.2)—(1.4). In polar
coordinates, the form corresponding to (2.1) is

2 2
(i—wkﬂﬂ 6+ (B —3$=&
r r

ie. g = %2 — 1, g% =gt = —B, g” = %2 — —. We find the solutions
AB
+
§ = Bzigr'
— -1
)
In addition, the acoustic metric satisfies g"% = —, g” 52 Therefore the system (2.4)
becomes
A_2 1l = AB .
art g gt _\2 ) AN
do " — g"f" Apx B
271
’
AB.. (B 1).
I ey R G &

= = . 4.2)
dvo g% — &"f" Ape B fi-
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Near the ergosphere A> + B> — 2 = p = 0, we can use

AB B?
fi=—¥f f2 —r——l

4.3)

Remark 4.3. Alternatively, formulas for f* which are valid on all of 2, up to removable
singularities, are

A2 — DB Fr
5= JBED | prprr 4.4)
— A2 + BZ _ r2
O
Denote
A(B? B (AB B
by=—|——-1|—- =|— —— + 4.5
0= (r2 ) ,,2( r \/_) r2 VP 4-5)
Note that by > 0 near p = 0 since A < 0. Therefore
A? B? AB ( AB
Sk Y | [l N ISl okt 22
dri_(rz )(r2 ) r3(r :F\/?)_i( :F\/ﬁ)«/_
dvg by B by
AB( B? B? 1\(AB B?
— = -1]l-]— - =|l— +H—= -1
v pE) ) E)e
dxg b B by ' '
where by = r’by = —Ar £ B /p.
For later, we record that in (p, #) coordinates, we have
dp* dr
= 2(AAy + BB —+2AA + BB, — 2r)—
e (AAg 9) ( ) 0
2 2(r — AA, — BB
— 4 Q\/_ + (r r r)p. 4.7)
by by
where
B? AB
0 = (AAgy + BB(,w)(—2 — 1) + (AA, + BB, — r)—. 4.8)
r r

Since b; > 0, and f—; — 1 < 0 near p = 0, we have that —

0, i.e. 07 (xy) decreases and
0~ (xg) increases when x, increases. We have
dp* 20 _2(AA, + BB, — 1D
K [ - [

Therefore p* = p*(0) is tangential to p = 0 if and only if Q = 0.
It follows from (4.7) that near p = 0, d”

(4.9)

<0whenQ<Oand—>0whenQ>O
Therefore (p™(xg), 0 (xp)) ends on p = 0 when Q < 0 and (p"(6p), 9+(x0)) starts on p = 0

15
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when Q > 0. Similarly (p~(xg), 8~ (xg)) starts on p = 0 when Q < 0 and ends on p =0
when Q > 0.

4.2. Example of an acoustic black hole with a corner
Consider a potential

1 = Aglogr + ersin, Ag < —1,0< e <1,
so that

A Oy

=r— =Ap +ersinf, B= 8_1/) = ercosé.
or 00

In (w, 6) coordinates, from (4.6), (4.7) we have

dw® 0 + (r — (Ag + ersinf)esinf — (er cos H)e cos Hw

dxg —(Ag + ersinf)r £+ (er cosHhw 4.10)
do+ £((ecos ) — Dw '
dxg —(Ag + ersin®)r + (ercosHw’
where
Q = ccosO(Agesing + r¥(e? — 1)sinf + 24r (2 — 1)).
The equation of the ergosphere w = 0 is (Ag + ersinf)? + (ercos#)> — r> = 0, which
gives

r=ry(0) = _A02 (—esinf + V1 — g% cos?h).

1 —¢
Note that r (77/2) = %, ro(—w/Z) = :“:, and ;f”p <rd < lff“f for all 6.

When w = 0, we have Q = —2A((er cos 0)(Ag + ersinf). Thus there are tangential
points where w =0 and § = ig. If w=0and @ = +7/2, we can only have tangential points

when Ay + ersinf = 0 and hence (¢r cos #)> = r2, which is impossible when |¢| < 1.

¢ At the point w = 0, § = 7/2, the linearization in (w, #) has the Jacobian matrix

1 2
S ) e S|
Ag
(1 +e)? ’
F— 0
Ag
which has determinant —2¢ (1 + 5)3/A02 < 0. Therefore w = 0, # = w/2 is a saddle
point.
e At the points w = 0, § = —x /2, the linearization in (w, #) has the Jacobian matrix
1 — 2
— (—5) +2e(1 — ¢)
Ag
(1 —¢)? ’
F— 0
Ag

which has determinant 2¢ (1 — ¢)3/A¢ > 0, trace —(1 — €)%/Ao > 0, and discriminant
(1 — e)*/AZ — 8c(1 — e)3/A¢ = (1 — €)*(1 — 9¢)/AZ. Therefore w = 0, 0 = —n/2
is an unstable node for 0 < € < é and an unstable spiral foré <e< L

16
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In the next subsection we will show that from these calculations we can conclude that the
black hole has a corner whenever the second critical point is a spiral.

4.3. Phase portrait with two critical points

In this subsection we describe the generic phase portrait when there are two critical points.

4.3.1. One saddle and one spiral. Consider first the case of one saddle point
ap={p=0,0=mn/2} and one spiral o = {p =0, § = —7/2}. Let us assume, to fix
ideas, that that point o ={p=0,0=n/2} is a saddle, the point
a,={p=0,0=—7/2} is an unstable spiral and the (+) trajectories end on
{p=0,37/2 < 0 < w/2} and start on {p =0, —7/2 < @ < w/2} when x; increases.
Note that # = —7/2 = 3nw/2 (mod 27) is the same point.

The (+) trajectory " that ends at oy must start at some point {p = 0, § = 67} where
—7/2 < 07 < w/2. The (+) trajectories starting on {p = 0, —7/2 < § < 0"} must end on
{p=0,7/2 <0< 3w/2}. The (+) trajectories starting on {p = 0, 7 < 6 < 7/2} must
approach O when x, increases. Therefore the set QT of all (+) trajectories ending at O is
bounded by v" and {p = 0, " < 6 < 7/2}. Analogously there exists a (—) trajectory ~~
that ends at o) and starts at some point {p = 0, § = 6~} with 7 /2 < 0~ < 37w /2. The set 2~
of all (—) trajectories ending at O is bounded by v~ and {p = 0, 7/2 < 6 < 0~ }. Thus the
black hole Qy = Q+ N Q~ is bounded by segments of v and 7~ which meet at a corner
point. The numerically computed phase portraits in figure 5 for A = Ay + ersind,
B = ercosf, with Ay = —2.0 and £ = 0.3, indicate trajectories approximating v and 7~ as
described above. Combining the pictures in figures 5(a) and (b) we get a black hole with a
corner. See also figure 6.

4.3.2. One saddle and one node. Now we consider the slightly more difficult case where
there is one saddle point and one node. As before we assume that the (+) trajectories end on
{p=0,7/2 <0< 3mw/2} and start on {p =0, —7/2 < @ < w/2}, and let assume that
ap = {p=0, 0 =mn/2}is asaddle point and o, = {p = 0, § = 37/2} is an unstable node.

Consider all (+) trajectories that start at the node ;. There are two cases.

In the first case, the endpoints of the (4) trajectories starting at the node cover the
interval {p = 0, 7/2 < 0 < 37/2} of the ergosphere. It follows that there is a (+) trajectory
f starting at the node o, and ending at the saddle point o;. More precisely, "yf approaches the
node when xy — —oo and approaches the saddle when xy — +oo. There can be (+)
trajectories emerging from the node that do not end on {p = 0, 7/2 < 6 < 37/2}. These
trajectories must all end at the singularity O. Also, all (+) trajectories starting on
{p=0,—7/2 < 0 < w/2} end at O. Therefore, the set 2" of all trajectories that end at O is
bounded by 71* and the part of the ergosphere {p = 0, —7w/2 < 0 < 7/2}.

In the second case there exists 7/2 < 0 < 37/2 such that the endpoints of the (+)
trajectories starting at the node cover the interval {p = 0, 0] < 6 < 37/2} of the ergosphere.
Therefore there is a (4) trajectory ,g ending at the saddle point o, that starts at some point
{p=0,0=03}, where —7/2<60f<m/2. All (+) trajectories starting on
{(p=0,—7/2<60<6f}endon{p=0, 0] <6< m/2} and all (+) trajectories starting
on{p=0,0; <6< m/2} end at the singularity O, including the (+) trajectory starting at
ap = {p =0, 0 = 7/2}. Therefore the set Q" of all (+) trajectories approaching O is
bounded by ~; and the part of the ergosphere {p = 0, 03 < 6 < 7/2}.

For the (—) trajectories there are also two cases. In one case there is a (—) trajectory 7,
that starts at some point {p = 0, § = 65}, where 7/2 < 6; < 37/2, and ends at the saddle

17



Inverse Problems 32 (2016) 095006 G Eskin and M Hall

2 2
1 @ S\ ) j !
/ V/A\\\ /l//// )
X\ /// //y
0 \//////”/,\/- ’;///l// 0
{ /77 AN/
WIS
1 \\\ WS 1
\\ NS
h \\\\\\\\\\\ N \\Q\tdgy
2 \\\\\\\§\~ ~ 2
=
3 3
4 4l
3 2 1 0 1 2 3 3 2 1 0 1 2 3
(a) Trajectories for the (+) family. (b) Trajectories for the (—) family.

Figure 5. Numerically plotted trajectories for (4.6) with A = Ay + ersind,
B =c¢ercosf, Ag = —2.0, ¢ = 0.3. The bold trajectories pass through § = —7/2,
r = 2.4350096.

Figure 6. Qualitative sketch of a black hole with a corner in the case of two critical
points.

point . The set Q- of (—) trajectories ending at O is bounded by v, and the part of the
ergosphere {p = 0, 7/2 < 6 < 0, }. In the other case )~ is bounded by a (—) trajectory v,
starting at c; and ending at o, and by the part of the ergosphere {p = 0, 7/2 < 6 < 37w/2}.
The black hole €2 is the intersection of 2+ and 2~. Therefore §2 is bounded by (parts of) ’yl+
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or ’y;“ or 7, or 7,. Only in the case when €2 is bounded by W;r and | is the boundary 9€2y
smooth. In the three other cases 02y has a corner point. We do not present numerical
investigations of this case.

As in remark 3.6, we note that even when 9 is smooth it is C' but may not be C* since
0y consists of two smooth curves 71+, ”y;r tangential to the ergosphere at o; and o, and
belonging to different families.

5. Determination of black holes by boundary measurements

Let
Lu=20 5.1

be the equation (1.1) in the cylinder R x D, where D € R? is a bounded domain with smooth
boundary 0D such that the ergoregion Q2 = {g,,(x) < 0} is contained inside D. Consider the
initial-boundary value problem for (5.1) in R x D with the boundary and initial conditions

u|rxop = f» (5.2)
u=0 for xo <0, xeD, (5.3)

where f has compact support in R x D. Let A be the Dirichlet-to-Neumann (DN) operator on
R x 0D, i.e.

1
n n 2
M= Y et w2y, (x)( > g @y, (x)] Ik (54)
Ji k=0 axj p.r=0

where n = 2, v = (v}, ) is the outward unit normal to 0D, and u = u(x, x) is the solution
of (5.1), (5.2), (5.3).

Let I' be any open subset of D. We say that boundary measurements are performed on
R x T if we are able to measure the restriction Af |g for any smooth input f with support
inR xT.

Let x' = ¢(x) be a diffeomorphism of D onto D such that ¢(x) = x on I. Let
a(x) € C*(8) be such that a(x) = 0 on I'. It is well-known that if we make a change of
variable

x' =), x' =x+al), (5.5

then in coordinates (xj, x’) we get an initial-boundary value problem similar to (5.1), (5.2),
(5.3) such that

Af |rxr = Nflrxr, (5.6)

for all f with support in R x T', where A’ is the DN operator in (x,’, x’) coordinates.
Therefore we have to study the determination of the metric from boundary measurements on
R x I' only modulo changes of variables of the form (5.5). It was proven in [Esk10b] for
n > 2 that boundary measurements on R x I' allow recovery of the ergosphere
02 = {g,, = 0} and the metric on @\Q up to changes of variables (5.5).

It follows from the considerations in [Esk08] that if at least one point of Of) is char-
acteristic, then it is necessary to spend infinite time to recover the ergosphere 052, i.e. for any
T, boundary measurements on [0, 7] x I" do not determine Of in a neighborhood of the
characteristic points. However, if all points of 0€) are not characteristic then there exists Ty
such that boundary measurements on [0, 7] x I' determine the ergosphere and the metric
[8i]}.k—o on the ergosphere up to diffeomorphisms (5.5).
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In this section, in the case n = 2, we expand upon the result of [Esk10b], treating the
recovery of a black hole inside (). It follows from the results of section 3 that if b () < 0 (see
(1.2), (1.3), (1.4)) and if OS2 is not characteristic then there exists a black hole §2 inside 2 and
the black hole event horison 9€) is smooth.

g gﬂ9]

g% g
of the inverse metric tensor [gU]i,ZO. Introduce coordinates (p, #) in Q\QO, RS
R/277Z, 0 < p < py(8) in Q\Qo, extending those in section 2.2, so that p = —A near 0f2
and p = 0 is the equation of 02, and chosen so that the event horizon 9€) is a graph given by
p = po(6). Consider the equation for characteristics = = ¢=(p, 0):

8" (9,7 + 2876, 0y + 8" ()" = 0. (5.7)

It follows from (5.7) that the matrices G (p, ) and A(p, 0)G (p, 0), where A(p, 0) = 0,
produce the same characteristic equation, i.e. the characteristic equations (and black holes) do
not depend on the scaling factor A (p, ).

Thus assuming that g?” = 0 for all 0 < p < p,, we get

L 287 E P

Note that the equations for black holes depend only on the spatial part G = [

+
?, o Py (5.8)
where we have used that g”°g% — (g”)> = —p,, p; = C?p. We impose the following
boundary conditions on ¢"(p, ) and ¢ (p, §) when p = 0:
$50, 0) = 6, 6 € [0, 27]. (5.9)

Consider the curves ¢t (p, 0) = 6y, ¢ (p, 0) = 6, for fixed 6y € R/2xZ. It was shown in
[Esk10] (see also section 3) that it is possible to use the time variable x( as a parameter for
both curves. One of the curves, say ¢ (p, 0) = 6y, starts at (0, 6y) when xy = ¢, and
approaches the singularity at 0 € €2y when xy — o0, crossing the event horizon 92, at
some time t. The second curve ¢™(p, 8) = 6y ends at (0, fy) as xo increases. When
xo9 — —oo, the curve ¢ (p, ) = 6, spirals around the event horizon 9€). For definiteness
suppose ¢" = 6 spirals counter-clockwise when xy — —oo. Note that

g7, + g"by =0 at (0, by). (5.10)
Note that p(6) is a periodic function on (—oco, o0). Make the change of variables

oc=0¢"(p, 0), T=0¢(p 0, (5.11)
where (p, 0) € I1. The Jacobian is

o(o, T) _ _ (=" + ) o,
o0 % % = g —
(_ pl ) — i+ 2
s g\'pﬂp V%% _ gvpﬁ Ly (5.12)

Therefore the map (5.11) is one-to-one when p > 0 and it is not smooth when p = 0. Note

that ¢™(p, 6) = 6, approaches +oo when xq — —oo. Make a new change of variables
_o+T 0+ F(p, 0) _o—T1 _¢(p0) —¢(p 0

NETT T 2 T Ty T 2 '

(5.13)
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Note that
Y lp=0=10, »lp—0 =0, —oo <0 <oo0. (5.14)

We have that y, — +o00 when ¢ — +00. Denote the map (5.13) by ®. Thus ® maps II onto
the half-plane R? = {—o0 <y, < 00, ¥, > 0}. It follows from (5.14) that the map ® is the
identity on {p = 0}. Characteristic curves ¢"=c,, ¢ =c_ become y +y,=
¢4,y —y, =c after the map ®. Varying c;,c. we can fill the half-plane
{y € R, y, > 0}. Note that the event horizon p = p,(0) is the boundary of the strip II.
Note that the matrix G has the following form after applying the map &:

L o.[-10
h= =g = OGP! 1
“=758 [0 1] G, (5.15)
where
+ 0 (5t + 00 45+ —2c? P +
&° _gpp¢¢ + g (¢9¢ +¢¢9)+g ¢9¢9 = ¢> (bga (5.16)
since p; = C?p.

Suppose we have another metric [gl-f" (p, 9)]3,,(:0 having the same boundary measure-
ments on R x I'. Then metrics g, g are the same in D\ 2 up to changes of variables (5.5) (cf
[Esk10b]]). Therefore we may assume that the ergosphere 052 for both metrics is the same and
the restriction of both metrics to OS2 is also the same. Suppose qSli satisfy (5.8), (5.9) with g
replaced by g;. Let ¢1i(0, 0) =6 for all § € R/2nZ. Make the change of variables

= ¢/ (p, 0), 1= ¢, (p, 0), 0 € R, 0 < p{’(0), where p = p{'(0) is the equation of the
event horizon 9€2). Make also the change of variables

;o + T ;01— T
= —, = —. 5.17
N ) ) 2 (5.17)
Denote the map (5.17) by ®;. Thus & maps II'={0 e R, 0< p < pO(G)} onto
Ri ={y € R,»,’ > 0}. Note that &, is a homeomorphism and ®; is the identity

on {—o0 < 0 < o0, p=0]}.

pp HP0
Let G, = glp ) glﬂ 0 be the spacial part of the inverse metric tensor g,. Making the
8 &
change of variables (5.17) we get analogously to (5.15)
1 -1 0
= —gmm =0 L 5.18
Gy 24 [ 0 1] 1619 (5.18)
where analogously to (5.16)
AO|T] ZC
gll '= L p¢19 10° Cl > 0. (519)

Combining (5.15) and (5.18) we get

G| = A\, '®G (O] D) (5.20)
where

A= g (5.21)
It follows from (5.16), (5.19) that A = 0 for p > 0 and smooth.

21



Inverse Problems 32 (2016) 095006 G Eskin and M Hall

o) __ 2Gp 4 - Thus Oo,m) _

Analogously to (5.1) we have that 20 = g P19 )

oo (90,1 )™! = 0 and smooth for p > 0
(p.0) \ 9(p,0) p==5

Therefore the map &'® of MM={cR,0<p< po(@} into II'=
{0 €R,0< p<p,(0)}is a diffeomorphism and ®;'® is the identity on {p = 0, § € R}.

Taking the closure of IT and II’ we get a diffeomorphism of the event horizons 9}, and
0. Thus we have proven that the event horizon 0}, is determined uniquely up to dif-
feomorphism equal to the identity on the ergosphere.
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